Permutations

NOTE:  This lesson is conceptually related to the lessons on combinations and the multiplication counting principle.

Getting Started: 

Review of Previous Lesson/HW/Do Now
Statement of Objectives: 

A.N.8 Determine the number of possible arrangements (permutations) of a list of items

A2.S.9 Differentiate between situations requiring permutations and those requiring combinations

A2.S.10 Calculate the number of possible permutations ( ) n r P of n items taken r at a time

A2.S.12 Use permutations, combinations, and the Fundamental Principle of Counting to determine the number of elements in a sample space and a specific subset (event)
Big Idea: 

A permutation of objects is an ordering of them.  The order of the objects matters with permutations.  (Order does not matter with combinations).

The number of permutations that can be created from n objects is n!, which reads as n-factorial.   Examples of factorials are shown below:
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can be translated as permutations of n things taken r at a time.  For example, if we have twenty people running a race, and we want to know how many different ways we can award first, second, and third place trophies, we would use 
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, where 
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.  We would write the problem as 
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, which can be translated as “permutations of 20 things taken 3 at a time.”

Understanding 
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using Counting Boxes.  To count the permutations of n things taken r at a time:

· create a series of counting boxes with a total of r boxes, then

· fill in the boxes using the values of 
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The values of n! go inside the boxes.


Example #1:

If you have 20 runners in a race, how many ways can first, second, and third place trophies can be awarded?
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Example #2

Suppose a teacher is making seating assignments for 10 students and there are 5 seats across the front of the room.  How many different seating assignments could the teacher make with 10 students and 5 seats? 
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Testing Tip.  The words “how many” on a Regents Math A examination almost always mean you are dealing with a permutations or a combinations problem. 

Why Counting Boxes Work   

Counting boxes work because of the multiplication counting principle.  Each box counts the number of possible outcomes (or choices) for a given event.  For example, in Example #2 above, if each counting box is thought of as a seat in the front row of the classroom, the teacher has:

· 10 choices of students for the first seat

· 9 choices of students for the second seat

· 8 choices of students for the third seat

· 7 choices of students for the fourth seat, and

· 6 choices of students for the fifth seat.

There are 30,240 different ways that the teacher could arrange 10 students in five seats across the front of the room.

Other Notations and Formulas for Permutations.  

The most common permutations formula/notation is 
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An alternate notation system is 
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The more common 
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 is shown to be equivalent to the counting boxes approach in the following example.  

Example #3:  

How many permutations of three can you make from ten?  

Solution Using Standard Notation
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Solution Using Counting Boxes
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Using the Ti-83+ Graphing Calculator to Solve Permutations

For many students, the easiest way to deal with permutations is to use the permutations feature of a graphing calculator.  There are three steps involved in the process:

STEP 1.  Enter the value of n

STEP 2.  Select 
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STEP 3.  Enter the value of r followed by 
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The output for Example #3 should appear as shown below:
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NOTE:  The value of factorials can also be calculated from the same screen.

Inclusion/Exclusion Principle.  You sometimes need to add it all up, then subtract what you are over-counting.  This can also apply to multiply everything, then divide out the factor by which you are over-counting.  

Modeling:

Sample Math A Problem

	The telephone company has run out of seven-digit telephone numbers for an area code. To fix this problem, the telephone company will introduce a new area code. Find the number of new seven-digit telephone numbers that will be generated for the new area code if both of the following conditions must be met:

• The first digit cannot be a zero or a one.

• The first three digits cannot be the emergency number (911) or the number used for information (411).


One Solution

	The total number of new seven-digit telephone numbers must be reduced by the numbers that are not allowed.  This calls for an inclusion/exclusion strategy using counting boxes;
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There are 7 boxes because each new telephone number has 7 digits.

=

Inside each box, we put the number of choices for that particular digit

in the telephone number.

8,000,000


There are 8 million possible new telephone numbers when the first digit is not zero or one.  Now we have to determine how many numbers must be eliminated because of the emergency number (911) or the number used for information (411).
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ELIMINATIONS FOR 911

There are 7 boxes because each new telephone number has 7 digits.

=

There is only one possible choice for the first box. - the number 9.

There is only one possible choice for the second box - the number must be 1.

There is only one possible choice for the third box - the number must be 1.

All the rest can use any of the ten digits.

10,000
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ELIMINATIONS FOR 411

There are 7 boxes because each new telephone number has 7 digits.

=

There is only one possible choice for the first box. - the number 4.

There is only one possible choice for the second box - the number must be 1.

There is only one possible choice for the third box - the number must be 1.

All the rest can use any of the ten digits.

10,000


We have a total of 8,000,000 new telephone numbers and we must eliminate 10,000 of these because they begin with 911 and another 10,000 because they begin with 411.  
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Enrichment

The Mississippi Formula.  Sometimes, the number of permutations must be reduced to account for repetitious elements of n, as in the repetitious letters in Mississippi.  If this is not considered, the number of permutations will be over-counted.  The over-counting can be eliminated by dividing the number of permutations by the factorial amount of the over-counted elements.  The formula is: 


[image: image26.wmf]n

!

#

!

 of over

-

counted fa

ctors

b

g


Example:  How many permutations can be made from the letters in Mississippi?
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In the above example, the first 4! in the denominator is for the repeated “i”s, the second 4! in the denominator is for the repeated “s”s and the 2! in the denominator is for the repeated “p”s.

Check for Understanding: 

Guided Practice: 

Selected worksheet.

Independent Practice: 

Students should complete the worksheet on their own.
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