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Objective:  Proofs:  Solving Problems Involving 
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Math A/B Lesson Plans by Topic (www.jmap,org) 



	Resources:

TI 83+ graphing calculators for every student.

JMAP Proofs Worksheet: 
JMAP Dictionary and Student Study Guide for Proofs (last 16 pages of this lesson plan) 

	Homework:

JMAP Proofs Worksheet
	Evaluation:

JMAP Regents Book by Topic

Geometry/Proofs


Classroom Dialogue

BIG IDEAS

Direct and Indirect Proofs:

· A direct proof starts with a hypothesis and proceeds through logical (syllogistic) reasoning to a necessary conclusion.

· An indirect proof is based on a premise that two conditions are contradictory, and proceeds to demonstrate that one of the contradictory conditions is false.
Three Styles of Proofs:

· Formal Proofs:  Reasons in formal proofs may include:

· Givens

· Definitions

· Postulates and/or Theorems

Sample Formal Proof

	Statements
	Reasons

	Blah, blah, blah 

Fact A

Fact B

Therefore:  State what you are to prove
	Given

Definition of blah blah

Blah Theorem
Blah Theorem


NOTE:  Avoid using blah, blah, blah when blah, blah will do.

· Paragraph Proofs.  This is the easiest form of proof for most students.  Simply start with a statement of givens as the first sentence of a paragraph.  Then, add a new sentence and reason for every fact that you want to add to the proof.  End the paragraph with a sentence that starts with the word “Therefore” and state what you are to prove.   
· Flowchart Proofs.  Flowchart proofs can be thought of a similar to formal or paragraphs proofs, but organized in boxes with arrows, as shown below:
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NOTE:  Flowchart proofs do not have to be horizontal.
Starting and Ending Proofs
· Always start with a restatement of givens  (turn the givens into “equals” or congruence statements).

· Always end with statement to be proven (use the words “therefore” or “conclusion” and restate what you are supposed to prove.

· In Between, include each argument that is necessry to prove your point.
Steps in Creating a Proof
STEP 1:  Understand the problem

· Know exactly what you are given (the starting point)

· Know exactly what you are to prove (the ending point)

STEP 2:  Develop your strategy.  

· Make a sketch or use an existing diagram.  Mark all parallel lines, congruent angles, congruent line segments, etc.

· A strategy that often works is to prove congruent triangles and then use CPCTC  (Corresponding Parts of Congruent Triangles are Congruent:)  

STEP 3.  Execute your strategy

· Document: 1) any givens; 2) any statements of fact; and 3) a conclusion.  Explain your reasoning for everything using formal documentation in columns, paragraphs, or flowchart diagrams.

STEP 4.  Review your work to determine if is is logical, documented step by step with a 

reason stated for each step, and easy to understand.

Example of a Formal Proof

	Given: chords 
[image: image2.wmf]AB

 and 
[image: image3.wmf]CD

 of circle O intersect at E, an interior point of circle O; chords 
[image: image4.wmf]AD

 and 
[image: image5.wmf]CB

 are drawn.

[image: image6.png]



Prove: (AE)(EB) = (CE)(ED)


One Solution

	Statement
	Reason

	
[image: image7.wmf]AB

 and 
[image: image8.wmf]CD

 are chords of circle O
	Given
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 and 
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 are chords of circle O
	Given
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	Inscribed angles that intercept the same arc are congruent.

	
[image: image12.wmf]ADCCBA
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	Inscribed angles that intercept the same arc are congruent.
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	Vertical angles are congruent.

	
[image: image14.wmf]AEDCEB

@

VV


	AAA Theorem (similarity)

	
[image: image15.wmf]AE is similar to CE
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	Corresponding parts of similar triangles are similar

	
[image: image16.wmf]AEEB
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	Corresponding parts of similar triangles form proportions.

	Therefore:  
[image: image17.wmf]AE EB=CEED 
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	Cross multiplication.


Student Activities:  
1.  Students should study and know the definitions, conjectures, and theorems that follow.

2.  Students should complete the JMAP Proofs Worksheet.
NYS Core Performance Standards:

Key Idea 1:  MATHEMATICAL REASONING

Students use mathematical reasoning to analyze mathematical situations, make conjectures, gather evidence, and construct an argument.

Performance Indicators:

1a.
Construct valid arguments.

1b.
Follow and judge the validity of arguments.

Key Idea 5:  MEASUREMENT

Students use measurement in both metric and English measure to provide a major link between the abstractions of mathematics and the real world in order to describe and compare objects and data.

Performance Indicators:

5i.
Use geometric relationships in relevant measurement problems involving
The Jefferson Math Project

Dictionary of Definitions and Ideas 

That Can Be Used In 
Mathematical Proofs

BIG IDEAS

Direct and Indirect Proofs:

· A direct proof starts with a hypothesis and proceeds through logical (syllogistic) reasoning to a necessary conclusion.

· An indirect proof is based on a premise that two conditions are contradictory, and proceeds to demonstrate that one of the contradictory conditions is false.
Three Styles of Proofs:

· Formal Proofs:  Reasons in formal proofs may include:

· Givens

· Definitions

· Postulates and/or Theorems

Sample Formal Proof

	Statements
	Reasons

	Blah, blah, blah 

Fact A

Fact B

Therefore:  State what you are to prove
	Given

Definition of blah blah

Blah Theorem
Blah Theorem


NOTE:  Avoid using blah, blah, blah when blah, blah will do.

· Paragraph Proofs.  This is the easiest form of proof for most students.  Simply start with a statement of givens as the first sentence of a paragraph.  Then, add a new sentence and reason for every fact that you want to add to the proof.  End the paragraph with a sentence that starts with the word “Therefore” and state what you are to prove.   
· Flowchart Proofs.  Flowchart proofs can be thought of a similar to formal or paragraphs proofs, but organized in boxes with arrows, as shown below:
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NOTE:  Flowchart proofs do not have to be horizontal.
Starting and Ending Proofs
· Always start with a restatement of givens  (turn the givens into “equals” or congruence statements).

· Always end with statement to be proven (use the words “therefore” or “conclusion” and restate what you are supposed to prove.

· In Between, include each argument that is necessry to prove your point.

Steps in Creating a Proof
STEP 1:  Understand the problem

· Know exactly what you are given (the starting point)

· Know exactly what you are to prove (the ending point)

STEP 2:  Develop your strategy.  

· Make a sketch or use an existing diagram.  Mark all parallel lines, congruent angles, congruent line segments, etc.

· A strategy that often works is to prove congruent triangles and then use CPCTC  (Corresponding Parts of Congruent Triangles are Congruent:)  

STEP 3.  Execute your strategy

· Document: 1) any givens; 2) any statements of fact; and 3) a conclusion.  Explain your reasoning for everything using formal documentation in columns, paragraphs, or flowchart diagrams.

STEP 4.  Review your work to determine if is is logical, documented step by step with a 

reason stated for each step, and easy to understand.

Example of a Formal Proof

	Given: chords 
[image: image19.wmf]AB

 and 
[image: image20.wmf]CD

 of circle O intersect at E, an interior point of circle O; chords 
[image: image21.wmf]AD

 and 
[image: image22.wmf]CB

 are drawn.

[image: image23.png]



Prove: (AE)(EB) = (CE)(ED)


One Solution

	Statement
	Reason

	
[image: image24.wmf]AB

 and 
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 are chords of circle O
	Given
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 and 
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 are chords of circle O
	Given
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	Inscribed angles that intercept the same arc are congruent.
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	Inscribed angles that intercept the same arc are congruent.
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	Vertical angles are congruent.
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	AAA Theorem (similarity)

	
[image: image32.wmf]AE is similar to CE
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	Corresponding parts of similar triangles are similar
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	Corresponding parts of similar triangles form proportions.

	Therefore:  
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	Cross multiplication.



[image: image35.emf]The Family Tree of Quadrilaterals

Quadrilaterals

All quadrilaterals share all

characteristics with their progenitors.

Trapezoids

A trapezoid is a

quadrilateral

with exactly one

pair of parallel

sides.

A b b h

 

1

2

1 2

( )

Isosceles Trapezoids

An isosceles trapezoid is a

trapezoid with base angles

that are congruent and

diagonals that are congruent.

A b b h

 

1

2

1 2

( )

sides.

Kites

A kite is a

quadrilateral

with two

distinct pairs

of

consecutive

congruent

A dd



1

2

1 2

Parallelograms

A parallelogram is a

quadrilateral with two

pairs of parallel sides.

A bh



Rhombus

A rhombus is an

equilateral

parallelogram.

A dd



1

2

1 2

Rectangles

A rectangle is a

parallelogram with

four congruent right

angles.

A bh



A square is an equilateral

rectangle.

Squares

A square is an

equiangular rhombus.

A square is a regular quadilateral.

A bh



A dd



1

2

1 2



	Quadrilateral Sum Theorem 

The sum of the measures of the four interior angles of any quadrilateral is 360°

Pentagon Sum Theorem
The sum of the measures of the five interior angles of any pentagon is 540°

Polygon Sum Theorem
The sum of the measures of the n interior angles of any n-gon is 180°(n-2).


	External Angle Sum Theorem
For any polygon, the sum of the measures of a set of exterior angles is 360°.

Equiangular Polygon Theorem
You can find the measure of each interior angle of an equiangular n-gon by using either of these formulas: 
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	Trapezoid Midsegment Theorem
A midsegment of a trapezoid is parallel to the bases and is equal in length to the average of the lengths of the bases.  


	Isosceles Trapezoid Theorem
The base angles of an isosceles trapezoid are congruent.

Isosceles Trapezoid Diagonals Theorem
The diagonals of an isosceles trapezoid are congruent.

	Kite Angles Theorem
The nonvertex angles of a kite are congruent.

Kite Diagonals Theorem
The diagonals of a kite are perpendicular.

Kite Diagonal Bisector Theorem
The diagonal connecting the vertex angles of a kite is a perpendicular bisector of the other diagonal.

Kite Angle Bisector Theorem
The vertex angels of a kite are bisected by the diagonal.
	Double-Edged Straightedge Theorem
If two parallel lines are intersected by a second pair of parallel lines that are the same distance apart as the first pair, then the parallelogram formed is a rhombus.

Rhombus Diagonal Theorem
The diagonals of a rhombus are perpendicular and they bisect each other.

Rhombus Angles Theorem
The diagonals of a rhombus bisect the angles of the rhombus.

	Parallelograms Opposite Angles Theorem
The opposite angles of a parallelogram are congruent.

Parallelograms Consecutive Angles Theorem
The consecutive angles of a parallelogram are supplementary.

Parallelograms Opposite Sides Theorem
The opposite sides of a parallelogram are congruent.
	Parallelograms Diagonals Theorem
The diagonals of a parallelogram bisect each other.  

Rectangles Diagonal Theorem
The diagonals of a rectangle are congruent and bisect each other.

Square Diagonals Theorem
The diagonals of a square are congruent, perpendicular, and bisect each other.


Slope and Length of Lines for Proving Lines Parallel or Perpendicular
	Slope Intercept Equation of a Line
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	Parallel Slope Property
Parallel lines have same slopes and different intercepts. 
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then AB and CD are parallel.

If AB and CD do not have the same slope,

then AB and CD are not parallel.
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These lines are parallel because they have same slope.

	Perpendicular Slope Property

Non-vertical and non-horizontal lines are   perpendicular if and only if they have slopes that are negative reciprocals.  

Any vertical line is perpendicular to any horizontal line.
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	Slope Formula
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	Hint:  On graphs, make a right triangle with the line as hypotenuse and the vertical and horizontal grid lines as legs.  Find the rise and the run by measuring the lengths of the legs of your right triangle.  

	Distance Formula
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NOTE:  This is simply a combination of the Pythagorean Theorem and the Slope Formula.
	Hint:  Use the slopebetween two pints to find distance.  If the slope between two points is 
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Relationships Between Angles, Parallel Lines, and Transversals

	Linear Pair

If two angles form a linear pair, then the measures of the angles add up to 180°.
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	Vertical Angle

If two angles are vertical angles, then they have equal measures (are congruent).


	
[image: image49.emf]

	Parallel Lines Theorem
If two parallel lines are cut by a transversal, then corresponding angles are congruent, alternate interior angles are congruent, and alternate exterior angles are congruent. 
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Converse of Parallel Lines Theorem
If two parallel lines are cut by a transversal to form pairs of congruent corresponding angles, congruent alternate interior angles, or congruent alternate exterior angles, then the lines are parallel.   
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	Corresponding Angles

If two parallel lines are cut by a transversal, then corresponding angles are congruent.
	
[image: image53.emf]

	Alternate Interior Angles

If two parallel lines are cut by a transversal, then alternate interior angles are congruent.


	
[image: image54.emf]

	Alternate Exterior Angles

If two parallel lines are cut by a transversal, then alternate exterior angles are congruent.


	
[image: image55.emf]

	Angle Bisector Theorem
If a point is on the bisector of an angle, then it is equidistant from the sides of the angle.
	
[image: image56.emf]Angle
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	Perpendicular Bisector Theorem
If a point is on the perpendicular bisector of a segment, then it is equidistant from the endpoints.

Converse of the Perpendicular Bisector Theorem
If a point is equidistant from the endpoints of a segment, then it is on the perpendicular bisector of the segment.  
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	Shortest Distance

The shortest distance from a point to a line is measured along the perpendicular segment from the point to the line.

	Complementary Angles

If two angles are complementary, then the measures of the angles add up to 90°.

	Suppementary Angles

If two angles are supplementary, then the measures of the angles add up to 180°.  


Relationships Between Angles, Parallel Lines, and Transversals

	Linear Pair

If two angles form a linear pair, then the measures of the angles add up to 180°.
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	Vertical Angle

If two angles are vertical angles, then they have equal measures (are congruent).


	
[image: image59.emf]

	Corresponding Angles

If two parallel lines are cut by a transversal, then corresponding angles are congruent.
	
[image: image60.emf]

	Alternate Interior Angles

If two parallel lines are cut by a transversal, then alternate interior angles are congruent.


	
[image: image61.emf]

	Alternate Exterior Angles

If two parallel lines are cut by a transversal, then alternate exterior angles are congruent.


	
[image: image62.emf]


Properties of Triangles and Angles
	Triangle Sum Conjecture

The sum of the measures of the angles in every triangle is 180°.
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	Isosceles Triangle Conjecture

If a triangle is isosceles, then its base angles are congruent.

Converse of the Isosceles Triangle Conjecture

If a triangle has two congruent angles, then the triangle is isosceles.
	
[image: image64.emf]

	Equilateral/Equiangular Triangle Conjecture

Every equilateral triangle is equiangular and, conversely, every equiangular triangle is equilateral.
	
[image: image65.emf]

	Angle Bisector Conjecture

If a point is on the bisector of an angle, then it is equidistant from the sides of the angle.
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	Vertex Angle Bisector Conjecture

In an isosceles triangle, the bisector of the vertex angle is also the altitude and the median to the base.
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	Side Angle Inequality Conjecture

In any triangle, if one side is longer than another side, then the angle opposite the longer side is larger than the angle opposite the shorter side.
	
[image: image68.emf]3

1

2

60



90



30





	Triangle Exterior Angle Conjecture

The measure of an exterior angle of a triangle is equal to the sum of the measures of the remote interior angles.
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	Three Midsegments Conjecture

The three midsegments of a triangle divide it into four congruent triangles.
	
[image: image71.emf]

	Triangle Midsegment Conjecture

A midsegment of a triangle is parallel to the third side and half the length of the third side.
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	Area Formulas for Triangles


	
[image: image73.wmf]A

bh

=

1

2



[image: image74.wmf]1

sin

2

AabC

=

 (where C is the included angle)


Proving Triangles Congruent

BIG IDEA:  
Any combination of three “A’s and S’s” other than AAA and SSA can be used to prove that two triangles are congruent.  

	Exception #1 to Congruency

AAA Similarity Conjecture
If three angles of one triangle are equal in measure to three angles of another triangle, then the two triangles are similar.    

	
[image: image75.emf]@
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Can be used as proof of similarity, but not congruency.

	Exception #2 to Congruency 
SSA The Ambiguous Case 
Sometimes, more than one triangle can be constructed using two sides of given lengths and a non-included angle.  Therefore, SSA is not proof that two triangles are similar or congruent.  
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SSA cannot be used as proof of similarity or of congruence..

	SSS Congruence Conjecture
If three sides of one triangle are equal in measure to three sides of another triangle, then the two triangles are congruent.  
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Can be used as proof of congruency.


	SAS Congruence Conjecture

If two sides and the included angle of one triangle are equal in measure to two sides and the included angle of another triangle, then the two triangles are congruent.  
	
[image: image78.emf]SAS
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Can be used as proof of congruency.

	ASA Congruence Conjecture

If two angles and the included side of one triangle are equal in measure to two angles and the included side of another triangle, then the two triangles are congruent.
	
[image: image79.emf]ASA
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Can be used as proof of congruency.

	SAA Congruence Conjecture
If two angles and the non-included side of one triangle are equal in measure to two angles and the non-included side of another triangle, then the two triangles are congruent.
	
[image: image80.emf]SAA
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Can be used as proof of congruency.

	HY-LEG Congruence Conjecture

If one leg and the hypotenuse of one right triangle is equal in measure to one leg and the hypotenuse of another right triangle, the the two right triangles are congruent.

NOTE:  The Hy-Leg conjecture can only be used with right trangles.  
	HY-LEG
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Can be used as proof of congruency.

	CPCTC

Corresponding Parts of Congruent Triangles are Congruent.  In the example at right, it is given that    
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Therefore, the corresponding parts of these triangles are equal and CPCTC allows us to say
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	Third Angle Conjecture

If two angles of one triangle are equal in measure to two angles of another triangle, then the third angle in each triangle is equal in measure to the third angle in the other triangle.
	
[image: image86.emf]


Can be used as proof of similarity, but not congruency.

	Transitive Property:  If two quantities are both equal to a third, then the two quantities are equal to one another. 
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Definitions, Theorems and Conjectures Relating to Circles
	Chord Definition:  A chord is a line segment whose two endpoints lie on a circle.


[image: image88.emf]chord


	Chord Distance to Center Theorem
Two congruent chords in a circle are equidistant from the center of the circle.

Perpendicular to a Chord Theorem
The perpendicular from the center of a circle to a chord is the bisector of the chord.

Perpendicular Bisector of a Chord Theorem
The perpendicular bisector of a chord passes through the center of the circle.

	Secant Definition:  A secant is a line that intersects a circle at exactly two points.  


[image: image89.emf]secant


A Major Arc is the larger of the two arcs created by a chord or secant.

A Minor Arc is the smaller of the two arcs created by a chord or secant.
	Parallel Lines Intercepted Arcs Theorem
Parallel lines intercept congruent arcs on a circle.
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	Tangent Definition:  A tangent is a line that intersects a circle at one and only one point.    
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	Tangent Theorem
A tangent to a circle is perpendicular to the radius drawn to the point of tangency.
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	Circles and the Measures of Related Angles
Note that all of the angles 
involve the fraction 

[image: image93.wmf]1
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as a multiple of either:  

1) the measure of one intercepted arc;

or

2) (with external angles) the difference of the measures of two intercepted arcs 

or

3) (with vertical angles of intersecting chords) the sum of the measures of the two intercepted arcs.
	Inscribed Angles
The measure of an angle inscribed in a circle is one-half the measure of the intercepted arc.
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Inscribed Angle Intersecting Same Arc Theorem
Inscribed angles that intercept the same arc are congruent.

Angles Inscribed in a Semicircle Theorem
Angles inscribed in a semicircle are right angles.

	Angles Formed by 2 Tangents
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	Angles Formed by

1 Tangent and 1 Chord
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	Angles Formed by 2 Secants
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	Angles Formed by

1 Tangent and 1 Secant
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	Intersecting Chords Theorem
The measure of the angle formed by two intersecting chords is equal to one-half the sum of the measures of the two intercepted arcs.

(
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	Measures of the Lengths of Chords, Secants, and Tangents

	Lengths of Inscribed Chords
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	Lengths of Secant-Tangent Angles
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	Lengths of Secant-Secant Angles
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	Tangent Segments Theorem
Tangent segments to a circle from a point outside the circle are congruent.
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